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Introduction

*The task of data assimilation is usually understood as the time-sequential
estimation of an unknown quantity from observational data.

* The purpose of data assimilation - both the preparation of initial fields for
subsequent forecasting and the more general one - the description of the
behavior of the studied fields over time, the study of climate, the estimation
of parameters, etc.



Bayesian approach to the data assimilation problem

: . . k+1 k k
The time change of the estimated quantity: X7 =, (X)+n
S k _ K k
The observations: y'=h(X")+g
N g - random errors of forecast and observations

The Bayesian approach consists of applying the Bayes theorem to obtain an
optimal estimate from observational data and a forecast:

p(y | X) p(x)
p(y)

p(x|y) =



Bayesian approach to the data assimilation problem

There are various options for assessing the state of data and forecast:

P(X, | Y1) kK >1 -forecast,
P(X, | Yy,) -filtration,

P(X, | Y«1) - smoothing,

where X, o ={X, X X0 b Yia =V Yot



Bayesian approach to the data assimilation problem:
the ensemble Kalman filter

Consider a nonlinear dynamic system XL = f (XL—l) T “L—l
An observation equation Y. =h(x;)+¢g,
g, and m,, are Gaussian random variables: E(g,)=0,E(n})=0
Efz} (&) 1= R}, E,; (1. 1) 1=QL,
The ensemble Kalman filter consists of an ensemble of forecasts  {X",n=1---,N}

X" =T OG0+

and an ensemble of analyses {x2",n=1,---, N} X;" = X; K (Y e - h(le ")



Bayesian approach to the data assimilation problem:
the ensemble Kalman filter

K, isamatrix of the form K, =P'H " (H,P'H"+R,)™

N N

o~ Lt {dx/" =x/"—x/", n=1-..,N} -anensemble of forecast errors

{e.,n=1---,N} -anensemble of observation errors

{n,_,,n=1--- N} E[nQ_l(nQ_l)T] =Q, , - an ensemble of model noise

H, isthe linearized operator h(x,)=h(x,")+H, g,

H 1 - a 1 . a,n a,n T
The analysis error covariance matrix P émgdxk' (dxk' )

{d;" =x¢" —=x;", n=1---,N}

a,n 1< a,n
X" == X
N n=1



Bayesian approach to the data assimilation problem

. Given a large sample of realizations for each of the prior pdfs, the
joint pdfs can be evaluated by integration of each individual
realization forward in time using stochastic model equation.

. The prior pdfs do not need to be Gaussian distributed.

. The analysis step of EnKF consists of the updates performed on
each of the model state ensemble members.

For the case with a linear dynamical model a Gaussian prior pdfs
the variance minimizing analysis equals the maximum likelihood
estimate.

For a nonlinear dynamical model the pdfs for the model evolution
will become non-Gaussian. In this case analysis will provide only
an approximate solution.



Approaches to the implementation of ensemble Kalman filter

“True value” \
«Stochastic filtery X, = f (%) +7

(EnKF) Ensemble of forecasts <——— B{SSIEN= 4= =004

«Deterministic filter»

f(i) _ a(i) (1)
X = L (X)) +1, l

Ensemble of analysis

x* =x2 + dx2®
dxa(i)dxa(i)T — Pa
Estimation error (skill) The transformation of

a t a(i) f ¢ TTo ensembles of forecast
O ={x' —x*"Y 5" =Ix' —X | _
{ } { } dxs(l) — A<dxkf (i)

a(i) _ ,f(i) 0(i) f (i)

Ensemble spread

Xa :{Xa(i) . Xa(i)}, X f :{Xf(i) . Xf(i)}



Practical implementation of ensemble algorithms

1. Algorithms with the transformation of forecast ensembles.
2. Local algorithms.
3. Methods to increase ensemble spread.



Local Ensemble Transform Kalman Filter- LETKF
(Hunt et al, 2007)

X a :{Xa(i) . Xa(i)} |
I - the ensembles of analysis and
X' =f{x"_x"1 forecasts

)P =[(k-DI/p+(Y")VRY ], ¥ =HX'

LETKF: 2)W? =[(k—1)|5a]1/2
et " 3) W' = P*C(y, —HX'),C=(Y') R
4) x* W =x" + X "W w2® —j—th rowof W

5) % =xX'+X'W )P =XP(X")



Ensemble w-algorithm

The ensemble w-algorithm is a stochastic filter in which the analysis step is performed
only for the ensemble mean.

The ensemble of analysis errors D is a matrix the columns of which are vectors
{dx;,n=1...,N}

1
D' =(1+I")*B", I'=(C+0,25I)2-0,5I, C:iFTHTR—l(HBH@) =C,+C,.
N -1

B is a matrix with columns  {h" n=1...,N} b =x/"-x/"

E isamatrix with columns €, - the ensemble of observation errors
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Classical particle filter

Ensemble x" of states representing the prior probability distribution p;
at time t, .

The analysis step at time t, : calculation of new weights

Wiy = Py (xV) = cp(y, | x1) pE (x)



Gaussian particle filter

The Gaussian particle filter treats each particle as a Gaussian probability
distribution

L
P(X Y1) = Z N (X(b’l); B,,)
-1

p(x, 1Y) = SN, B,)

The analysis ensembles x®*" are calculated by treating each particle as
an individual Gaussian distribution:

x(@D — 5 ®1) K, (Y, — Hkx(b,l))

K, =BH,(H,B_H, +R)

Bk = (I - Kka)Bk—l



Nonlinear ensemble filter
(T.Bengtsson, C.Snyder, D.Nychka J. of Geoph. Res. V. 108 No
D24 2003)

L
Suppose that P(X Y1) =D 7, N(x{,,R')
I—1
XI?,I = ka,l + K|<,| (yk - Hkaf,I)
K¢ = PkTIHk(HkPkTIHkT +R)
Pke,ll - (l - Kka)PkTI

L
p(x Y,) = Zﬂ-lil N (X, P)
=

f
T W

— L
f
Z”k,JWJ
j=1

172 _
Wi :‘(HkPkTIHI;r T R)‘ exp[-1/2(y, —H, %)) (H, R H; +R)*(y, —H, )]

a
Ty

. f f
Ensemble of analysis X, ; =X ; + K ; (Y +& —HX;)

Sampling accordingto  P(X, |Y,)



The behavior of ensemble spread In
the ensemble Kalman filter (stochastic filter)

The stochastic ensemble Kalman filter can be written in the following form:

X = (1=K H)[ FOq )+, |+ K, (vp +&))

The optimal estimate in the ensemble Kalman filter is the ensemble mean value x!

Deviation from the mean (spread) simulates the estimate error  dx; =X, —X;

dXE — (I o Kka)(f (XE—l) — f (XE—l) + ﬂﬂ_l) +Kk8E

A ‘theoretical’ estimation error (skill) dx, =x, —X;

dx; = (1=K, H)(f () = FOG) +mi) + Kog



The behavior of ensemble spread in the ensemble Kalman
filter (deterministic filter)

The deterministic ensemble Kalman filter (analysis step) consists of the equation for
the mean

X" =%+ K (yg —hx, ")

and an estimate of the ensemble of analysis errors such that the corresponding
covariance matrix satisfies the Kalman filter equation

P; — (I _Kka)Pkf

The transformation of an ensemble of forecast errors into analysis errors in a
deterministic filter can be represented in the form of left multiplication

a,n __ f,n f AT _ pa
dx;" = A, dx, where Ak Pk Ak = Pk

The ensemble of analyses of the deterministic filter:

a,n _ a,n f,n f.,n
X =X AT =X )



The equation for ensemble spread in the ensemble Kalman
filter (stochastic filter)

The equation for ensemble spread in the stochastic Kalman filter
dx, = (1-K,H)(Fdx_ +n_)+K,g

Instead of the nonlinear model operator f we take the linearized operator F,

|

k k
dxy =¥(k,0)dxg + > Pk Ke + > Pk, i)I-KH)n,
i=1 i=1

YK, i) = ﬁ(I—KjHj)Fj K>i

j=i+1

Yk k) =1



The estimation error

The estimation error (the deviation of the mean from the ‘true’ value)

dXL =(l- Kka)(deXL—l + "L—1) + KkSL

The simulated estimation error tends to the theoretical error if the random vectors
of observational errors and model noise being simulated have the same covariance
matrices as the true ones.



The behavior of ensemble spread in the ensemble Kalman
filter (deterministic filter)

Writing the formula for the analysis perturbations in terms of ‘left multiplication’,
we obtain the following equation for ensemble spread in the deterministic Kalman
filter:

dXE =A, (deXE—l + ﬂﬂ_l)

l

k
dXE = ‘Pdet (k’ O)dXS + ZTdet (k1 I)Alnln—l
i=1

k
Tdet(k’ I) é H Aij

j=i+1l
The formula for the deterministic filter lacks the term with  K,g/

which simulates ensemble spread as a function of observational data distribution and
observational error covariances.



Equation for estimation error (particle filter)

Given N independent samples X~ X" from a density p , an estimator of p
can be obtained as a mixture of N Gaussian densities.
In that case

gl =(1 —KH)g/ +Keg°

L
g=00-KH)Y 7le/ +Ke®
j=1



Methods of improving convergence in the
ensemble Kalman filter

Some of the most frequently used methods of improving convergence of the
ensemble Kalman filter are multiplicative inflation and additive inflation.

Let us consider the ensemble spread modification in general form. In the
case of analysis step it has the form

n
dxx = e, dx, + B,

n : : - : :
|3k IS a random vector with a specified covariance matrix

in the case of forecast step, the form

dxi =(1-K,H ) (¢ F_dx; +am_ +B)) + K&



Methods of improving convergence in the
ensemble Kalman filter

In the case of analysis step the formula for a stochastic filter
n - kK N kK o _ - kK o
dxx = ¥(k,0)dx, + Z‘I’(k, Do K& + Z‘I’(k, Do, (I-K.H)n', + Z‘I‘(k, ) i
i=1 i=1 i=1
in the case of forecast step

n ~ K ~ ~ k ~ ~ K ~ ~
dxx =W (k,0)dxg + > W(k,DKe! + > Wk, )I-KH)an, + > Yk, i)I-KH)B,
i=1 i=1 i=1

~ . A k ~
Y(k,i)2 ]| o;(I-K H))F,
j=i+l

K, Is calculated using the modified covariance matrices



Methods of improving convergence in the
ensemble Kalman filter

For a deterministic filter in the case of analysis step

n ~ k. kK o _
dx =W, (k, 0)dxq + ZTdet (k, D Am;, + ZTdet (k, )}
i=1 i=1
in the case of forecast step

n ~ kK Ko .
dxi =¥y, (k,0)dx; + ZTdet (k, D Am;, + Z\Pdet (K, DAB;
i1 i1

_ _ k
W (K1) = I I O(jAij
j=i+l

The equation for the error when modifying the ensemble spread:

- k. . K 3
dx, =P, (k,0)A; + > ¥, (k, )K;e} + > ¥, (k,i)I-KH)n.
i=1 i=1

‘i’t(k,i)éﬁ(l—f(jHj)Fj

j=i+l



Methods of improving convergence in the
ensemble Kalman filter

1. The perturbation ensembles of deterministic and stochastic filters with the
thus modified ensemble spread do not correspond to the error ensemble.

2. For B; =0 we obtain a version of multiplicative inflation.

3. For ¢ =1 we obtain a version of additive inflation. In this case, additive
inflation can be specified so that the covariance matrix coincides with the
matrix obtained when using multiplicative inflation:

BE = 6ngn

0Q, = (Olk2 -)P,



3 X ¢ ¢

Numerical experiments.
Lorenz-96 model

The equations of the model

dx. :
d—tJ: (Xj+1 _Xj—Z)Xj—l — Xt Foo1=1---J

X1 =Xy Xy = Xq,

X;,++yX;  (J=40) are the variables being forecasted,;

a fourth-order finite-difference Runge-Kutta scheme;

4r=0.05  corresponds to 6 hours (t=1 is taken for five days);
F, =8.

To simulate ‘true values’ in the numerical data assimilation experiments, x; = N(F,/4;F,/2)
and N, =1000 time steps are made.

Initial data for forecasting: X,(0)=X%,(0)+06 ,0 ~ N(0,s,)



Numerical experiments

The following parameters are specified for the numerical experiments:

% an ensemble of initial fields:  x"(0) =x,(0) +8",8" ~ N(0,s, ),n=1,---,N

> observations: Y, =X, (0)+d,,8, ~ N(O,,)
* an ensemble of observations
with perturbations: yo =Y, +98;,8) ~N(0,¢,), n=1,---N
* model noise: n" =0
* in simulating the ‘truth’: n' =0.01
%  inall experiments: So=¢, =1
N=20 R =gl

The observations are available at each of the J=40 model grid points.

The experimental period has a length 3000 time steps, with assimilation
being done at each time step or at every four time steps.



Numerical experiments

The numerical experiments are performed for ten versions of the ‘truth’, and all
estimates were calculated as average values over these ten versions.

The following estimates were considered:

172 - the root-mean-square error averaged over K=10
rms = Z Z(Xk' %)’ versions of calculations (k is the number of a
version and i is the number of a grid node)

1 K L N - % ) )
sp = EZ{ (N D 33 -x, } - the mean value of the covariance matrix trace
=t calculated over K=10 versions of calculations
(n is the number of an ensemble member).



Numerical experiments

Two series of experiments were performed.

In the first series, observational data were simulated at one time step intervals,
and in the second series, at four time step intervals.

The following experiments were performed in each of the series:

Experiment 1. In this experiment, multiplicative inflation o was used.
a =1.1 inthe first series and ( =1.2 inthe second series).

Experiment 2. In this experiment, additive inflation was used so that the
change in the covariance matrix coincided with the change made in
experiment 1.



Numerical experiments
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Numerical experiments
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The results of the first series of experiments for the LETKF algorithm



Numerical experiments
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The results of the second series of experiments for the ensemble w-algorithm



Numerical experiments
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Conclusion

In the ensemble approach, at the analysis step it is important to specify
the ensembles corresponding to the density of the analysis error
distribution. It is necessary to take into account the ensemble of errors of
observation.

To regulate the convergence of ensemble algorithms, it is preferable to
use additive inflation.

The results of the investigations show that ensemble spread in stochastic
filters rather than in deterministic filters is closer to the theoretical
estimation error.

Multiplicative inflation and additive inflation change the general formula
for ensemble spread.

The formula for ensemble spread in a stochastic filter with additive
inflation rather than with multiplicative inflation is closer to that for the
estimation error.



Thanks for attention!



