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Online-integrated 
modeling technology 

•  Models of hydrodynamics  
•  Models of atmospheric chemistry 
•  Data of observations / assimilation  
•  Technology of modeling 
•  New algorithms   
•  New mathematics/numerics  
    (tera- (12), peta-(15), exa- (18) 
 
 



Model of atmospheric dynamics	
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Transport  and  transformation 

of humidity 
	
  
( )

v

v
v l f q

q q S S F
t

∂
+ ⋅∇ = − + +

∂
v

1
l

l
l l lT l q

q q q v S F
t z

ρ
ρ

∂ ∂
+ ⋅∇ + = +

∂ ∂
v

1
f

f
f f fT f q

q
q q v S F

t z
ρ

ρ

∂ ∂
+ ⋅∇ + = +

∂ ∂
v

c

c
c c q

q q S F
t

∂
+ ⋅∇ = +

∂
v



( ) i
i i i i i ii

L div ( grad ) ((S ) f (x, t) r ) 0,
t

∂
≡ + − + − − =

∂
uπϕ

ϕ π ϕ µ ϕ π ϕ

Transport and transformation model 
of gas pollutants  and aerosols 

 Operators of transformation 
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Goals 

 

•  Development of methodology for 
construction of  integrated models of 
atmospheric dynamics and air quality in 
on(off)-line regimes with account of all 
accessible observational data   

•  Design of adequate/open modeling system 



Variational principle as a tool 
for model integration 

 
It presents  the equations and relations describing the 

development of multi-component and multi-scale 
processes in a simple invariant form; 

 
It holds the synthesis of continuum and discrete 

presentations of mathematical models and state 
functions; 



Variational principle as a tool 
for model integration 

  
 It provides consistency for all technology stages of 
mathematical modeling; 

•  Euler, Lagrange, Jacobi, and  Hamilton principles  
are interconnected among themselves:  the 
stationary value of some definite integral 
(functional) is considered in each of them. 



• variational principles 
• combined use of models and  observed data, 
•  forward and inverse modeling  procedures, 
•  methodology for description of links between 
regional and global processes ( including climatic 
changes) by means of orthogonal decomposition 
of functional spaces for analysis of data bases and 
phase spaces of dynamical systems 

Theoretical background  
• control theory, 
• sensitivity theory, 
• risk and vulnerability theory 

 

A CONCEPT  
OF ENVIRONMENTAL MODELING 

!



 
Basic elements for concept  

implementation: 
 • models of processes  

•  data and models of measurements 
•  adjoint problems 
•  constraints on parameters and state functions 
•  functionals: objective, quality,  control, restrictions 

etc. 
•  sensitivity relations for target functionals and 

constraints 
•  feedback equations for inverse problems 



Desired! 

Statement of the problem 
• Mathematical  model
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General form of functionals
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Variational form of model’s set: 
hydrodynamics+ chemistry+ hydrological cycle 
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Variational form  
of convection-diffusion operators 
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Augmented functional  for  construction  
of optimal algorithms and  uncertainty assessment 

Additive aggregation of the functionals for decomposition  
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Variation of augmented cost functional. 
Consistency and optimization of algorithms 
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The universal algorithm  
of forward & inverse modeling 
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Algorithms of uncertainty calculation 
based on sensitivity analysis and  

data assimilation: 

 
 

in  model!

in  initial state!

in model parameters and sources!

2 4,( , )iM i=   are the weight matrices



Fundamental role  
of uncertainty functions 

•  integration of all technology components 
•  bringing control into the system 
•  regularization of inverse methods 
•  targeting of adaptive  monitoring  
•  cost effective  data assimilation  
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The main sensitivity relations 

Algorithm for calculation  
 of   sensitivity functions 
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The feed-back relations  

Some elements  
of optimal forecasting and design 



Realization  
of main operator equations 

Convection & diffusion 



Idea and basic approximations 
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Differential operators of common type in the models 
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Additive form of integral identity 
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 Variational construction of additive schemes 



Decomposition of integral identity 
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 Solutions of the local adjoint problems  
for convection-diffusion operators 

* ( )
1( ) 0, 1,2, , 1, 1.i i i iL x x x x i nαω α += = ≤ ≤ = −

(1)
1 1* *
(2)

1
(2) (1)

1 1 1 2 1 1

( )
( ) ( ), ( ) , 1,

( )

( ) ( ), ; ( ) ( ),

i i i
i i i i

i i i

n n n n

x x x x
x x x i n

x x x x

x x x x x x x x x x

ω
ϕ ϕ ω ω

ω

ω ω ω ω

− −

+

− −

⎧ ≤ ≤⎪
= = =⎨

≤ ≤⎪⎩

= ≤ ≤ = ≤ ≤

( )( )2 11 1(1) ( ) xx
i ix A e eν ννω ʹ′− −ʹ′−= −

( )( )2 2 11(2) ( ) x x
i ix A e eν ν νω ʹ′− ʹ′−= −

1( ) /i ix x x x+ʹ′= − Δ

( )2 1( )1/(1 )i i
A e ν ν−= −

{ }1 1 2 2 1 2, , 0, 0 ix xν λ ν λ λ λ= Δ = Δ ≥ ≤

2 1 0
j

i

u d τ
λ λ

µ µ τ
⎧ ⎫+ Δ

+ − =⎨ ⎬
Δ⎩ ⎭



approximation, stability, monotonicity, transportivity, 
differentiability with respect to parameters and state functions , 
 uniform schemes without flux-correction 

Properties of DA numerical schemes: 

Three-point numerical scheme 
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Singular case 0µ =
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 Godunov’s test problem  

(С.К.Годунов Математический сборник, т. 
47(89):3, 1959, с.271-306.) 
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Chemical operators 



Stiff differential systems 
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Euler explicit scheme 
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Direct and adjoint operators for kinetics of 
chemical transformations 
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Relations for reaction operators. 

Monotonicity and positivity properties 
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Structure of aerosol operators  
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 Variational principles 
for transformation models 
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Variational principles 
for transformation models (2) 
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Variational principles 
for transformation models (3) 
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 Adjoint functions         are chosen as solutions of equations : 
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Variational principles 
for transformation models  (4) 
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   Using the idea of Euler integrating multipliers (factors), 
we get the system of integral equations 

Finaly, 
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Methane transformation  
in the atmosphere 



Daily behavior of transformation products in 
methane-nitrogen-sulfur cycle 

54 substances and  170 equations 



Sensitivity relations for the problems 
of atmospheric chemistry 
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Stability and convergence of  
DA schemes 

Let us consider an example: 
0

00 1, , ( , ) ( )t t tt Dϕ ϕ ϕ ϕ ϕΔ =− = = ∈x
0

00 2, , ( , ) ( )h h h
t t tt Dϕ ϕ ϕ ϕ ϕΔ =− = = ∈x

For one-step schemes  
0 1 2 3( ) ; , , ...., ( )j h jS t jϕ ϕΔ Δ= =

( )S Transition operator (TO), its spectral form 
( )S tλΔ corresponds to TO of  the model problem    

0
00 4, , ( )t tψ λψ ψ ψ λ=+ = = ∈£



L-stability 
Definition.  The method is called L-stable, 
if  1  0 0S z for all z t c z и Sλ≤ = ∈ ≥ ∞ =£( ) , Re( ) ( )Δ

Typical cases: 
1. Implicit scheme 11 0( ) ( ) ( )S z z S−= + ⇒ ∞ =

2. Explicit scheme 1( ) ( ) ( )S z z S= − ⇒ ∞ = −∞

3.Weighted scheme 
1 1

1 1 1
1

1 1 1 0 1
1

( ) ( )( ( ) ) , ( )
( )

S z z z S α
α α α

α
−= − + − ≤ ≤ ⇒ ∞ = −

−
4. Implicit two-step Euler scheme 

( )1 23 4 2 0 0( )j j j jt Sψ ψ ψ λψΔ− −− + + = ⇒ ∞ =

( ) ( ) 11 2 1 22 1 2 1jj zψ ξ ξ ξ
−

= = ± + <, ,; ;



 
 
 
 
 
 

Scenario forecasts of climate-
caused risks by inverse methods 



Winter pattern of  the global 500-hPa 
geopotential height (the 1st  main factor)  

1950-2005 

5
7

7

9

9

9

11

11

11

1111

11

13

13

13

13

13

13

13

13

13

13

13

13

13

15

15

15 15

15

15

15

17

17

17

19

21
21

Longitude

y,
de
g

0 30 60 90 120 150 180 210 240 270 300 330
0

30

60

90

120

150

180

Level
value:

1
-0.85

3
-0.71

5
-0.56

7
-0.42

9
-0.28

11
-0.13

13
0.01

15
0.16

17
0.30

19
0.45

21
0.59

January 15



Winter pattern of global circulation 
(the 1st  main factor) 1950-2005 
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Summer pattern of  the global 500-hPa 
geopotential height (the 1st  main factor)  

1950-2005 



Summer pattern of global circulation 
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East Siberia Region 
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Monthly risk functions for Lake Baikal 

July December 



Optimal forecasting and design 
Optimality is meant in the sense that estimations of 

the goal functionals  do not depend on the 
variations : 

•  of the sought  functions in the phase spaces of the 
dynamics of the physical system under study  

•  of the solutions of  corresponding adjoint 
problems that generated by variational principles 

•  of the uncertainty functions of different kinds 
which explicitly included into the extended 
functionals 



Advantage of the approach  

•  Consistency of all technology elements 
•  Optimality of numerical schemes based on  

discrete-analytical approximations(without 
flux-correction procedures ) 

•  Cost-effectiveness of computational 
technology 



Conclusion 

  
Variational principle  

is the universal tool for construction of  
numerical models, algorithms, and  

 integrated  modeling technology 



Acknowledgements 

The work is supported by 
• RFBR  

Grant 11-01-00187 

•  Presidium of the Russian Academy of Sciences, 
Program 4 

• Department of Mathematical Science of RAS 
Program 1.3 



Thank you for your time! 


