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Online-integrated
modeling technology

Models of hydrodynamics

Models of atmospheric chemistry
Data of observations / assimilation
Technology of modeling

New algorithms

New mathematics/numerics
(tera- (12), peta-(15), exa- (18)



Model of atmospheric dynamics
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Transport and transformation
of humidity
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Transport and transformation model
of gas pollutants and aerosols
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Goals

* Development of methodology for
construction of integrated models of
atmospheric dynamics and air quality in
on(off)-line regimes with account of all
accessible observational data

e Design of adequate/open modeling system



Variational principle as a tool
for model integration

It presents the equations and relations describing the
development of multi-component and multi-scale
processes 1n a simple invariant form;

It holds the synthesis of continuum and discrete
presentations of mathematical models and state
functions;



Variational principle as a tool
for model integration

It provides consistency for all technology stages of
mathematical modeling;

Euler, Lagrange, Jacobi, and Hamilton principles
are interconnected among themselves: the
stationary value of some definite integral
(functional) 1s considered 1n each of them.



A CONCEPT
OF ENVIRONMENTAL MODELING

evariational principles
scombined use of models and observed data,
 forward and inverse modeling procedures,
» methodology for description of links between
regional and global processes ( including climatic
changes) by means of orthogonal decomposition
of functional spaces for analysis of data bases and
phase spaces of dynamical systems
Theoretical background

econtrol theory,

esensitivity theory,

risk and vulnerability theory



Basic elements for concept
implementation:

* models of processes

* data and models of measurements

* adjoint problems

* constraints on parameters and state functions

* functionals: objective, quality, control, restrictions
etc.

* sensitivity relations for target functionals and
constraints

* feedback equations for inverse problems



Statement of the problem

®* Mathematical model

¢0=¢(§)+@9 Y= _:)"'@;
PEI(D,) is the state function,

Y ER(D, ) is the parameter vector.
G 1s the “space” operator of the model

* A set of measured data @, ¥, on D

U =[H()], 4@

[H(@)], is the model of observations.
' are the terms describing

uncertainties and errors of the
corresponding objects.

Desired!



General form of functionals

(I)(qp) fF(qp))(k(x NdDdt=(F,,x ), k=1,.,K

F;C are the Llpschltz s functions of the given form, differentiable, bounded

)(dedf are Radon’s or Dirac’s measures on Dt, X e %* (Dt )

Quality functionals

Dy (9) = [ (V= H( Q) M(P = H(%)), (¥, )dDal
D

“Measurement” functionals
K
r r m
CID(cp)=E f H(cp)mké(x—xmk)dDdt x . €D,
k=1 D,

Restriction functionals
@(f, t) =N > ﬁk (é()_é > t) <0 distributive constraints Differentiabﬂity
() = [(S(@)+[8, (@), (3.0)dDdt fi @:cfendied gense
D.



Variational form of model's set:
hydrodynamics+ chemistry+ hydrological cycle

(CP’YCP )EE (A(Pa ) +fTE((SCp) —f.(x,t) - 1,)p"dDdt

1=1

[ {(pp*div u-pdivu’)+(app’ +a,TT")div u}dDdt +

fap {(p _p. )T W, (p-p, )}dDdt + fpuZdet =0
D, Q,

Y




Variational form
of convection-diffusion operators

(Acp, Q" )i = (f<% -(q;* - P O’ ) + (cp*div TTPU — cpdivncp*u)-

D,

t
O+

+gtu,, grad @ grad cp*}dDdt + % f Q@ tdD
D

Q@ td Qdt

1 0
f[(zq)un - u%) T, (Rbcp_ %)
Qt

R,9-¢g, =0 boundary conditionson Q.




Augmented functional for construction
of optimal algorithms and uncertainty assessment

r r r g g I
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M (i = m) are the weight matrices,

l
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1

4
>0, 20@ =1 are the weight coefficients,

@,@" are the solutions of the direct and adjoint problems generated from
h — Y7 —%
| (qﬂa Y @ ) =0

Additive aggregation of the functionals for decomposition



Variation of augmented cost functional.
Consistency and optimization of algorithms
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The universal algorithm
of forward & inverse modeling

;
A+ G- -
cﬁ/@ 8¢ 1, I
i *
O e BAY &+ A1) +d, =0, <pk(x)\t=t_ =0

@
=aiﬂ<¢2(¢>+o.5a1<ﬁTMlﬁ», @' =@, +M; @ (%,0), t=0

F(X,t) =M, '@, (%,1), Y=Y -M,T,
. 0 _
L = P 1"(@,Y.,35;)

Ag.Top = 6" @+ aop. )],
A @ 1s the approximation of time derivatives
Initial guess: 7" =0, @"” =@’, Y =Y



Algorithms of uncertainty calculation
based on sensitivity analysis and
data assimilation:

in model

F(x,1) = M@, (X,1),

In 1nitial state
. o I, r
§=M3 cpk(x,O), t=0

in model parameters and sources

Ir r r
C=M'T, = M a—a;l"(c‘é,Y, &)

]\41. (i1=24) are the weight matrices



Fundamental role
of uncertainty functions

- Integration of all technology components
* bringing control into the system

* regularization of inverse methods

e targeting of adaptive monitoring

* cost effective data assimilation



Some elements
of optimal forecasting and design

The main sengitivity relations
0D;(@)=(L,,0Y)=—I"(@Y+a Y, ¢))].

Algorithm ?gr calculation
of sensitivity functions

0 J :
= I'eg,Y+a o0Y,9,)|,_
75V 90r (¢ cPk)‘ -0

The feed-back relations
o= I,Na, N, <N

L,

dY
a _ _ 1’* :
dt 770: ka

Fk = {r,a} are the sensitivity functions
0Y={0Y} are the parameter variations

k=1LK,i=LLN

HUBRMuMT



Realization
of main operator equations

Convection & diffusion



Idea and basic approximations

Differential operators of common type in the models

O=f: (an—f)qﬁ*dx =f: Lo @dx +

(Ap.” ) = [ S @)dx =0
If L*qp* =0, then
(qu, ) f f(x)@ (x)dx=0, i=2,n

¢*(Of) (x), x_, <x<x, «=1,2 mntegrating multipliers

Fundamental analytical solutions of local adjoint problems

{70 =1, ¢V =0}, {g@=0, ¢ =1}, i=Ln, -1




Additive form of integral identity

r

H(g.9) = f(a—¢+ > (Lo 1)

o=1

@ dDdt =0

Variational construction of additive schemes
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Decomposition of integral identity
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Solutions of the local adjoint problems
for convection-diffusion operators

Lo (x)=0, a=1,2, x;<x=<x,, i=ln-1

m(x) X, | SX<X

) , i=Ln
a)l-( )(x) X, SX <X,

@ ()= g0 (%), @ (x) 5 {
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Three-point numerical scheme
—4;@ T bigpi @ = fz

a.=z0, ¢,=z0, b =b"+b", b’ za,, b, =zc,, mpu u, =0

l l l

Properties of DA numerical schemes:

approximation, stability, monotonicity, transportivity,
differentiability with respect to parameters and state functions ,
uniform schemes without flux-correction

u|Ax/ ), <10

CFL = nz%x {|M|Aif " 221327 n dAr} <1, max{(vl -V, )l, ,(



Singular case u=0

8(9
ax
Numerical scheme

~ 17 EXP(-MLAY, ), + (u;—l/2 U )CP U, eXp(=A7AX, )@, =
ff(X)eXP(—Kﬁ)l (xl. - x))dx + ff(x)eXp(—kf.z) (x —x, ))dx.

AD = (a’/u ) Lt M =(df)
u’ =O,5(‘u‘+u)>0; u =O,5(‘u‘—u)>0



Godunov's test problem
(C.K.I'onynoB MaTtemaTH4eCKui COOpPHUK, T.

47(89):3, 1959, ¢.271-306.)

% 442 20, @ y=¢"(x), u=const GI)

ot 0X
Analytic solution

2

X —ut -0,5) 0,25 (G2)

Ax

(1) = (



Difference-analytic scheme

J j-1 J=2 J
39’ -4+ 09" _ (G3)
2At 0x
3 4T el 2ufx-utl o) 99050 Gy
DAt Ax|  Ax o

(G5)

op 2 (x_ut—O,S)

o Ax| Ax




Chemical operators



Stiff differential systems

&+1000x =0,  x(0)=1, x(£)>0
&+x,=099x;  x(0)=0,999, x()>0

Analytical solution

x, () = exp(-10007)
x,(t) =-0,001exp(-1000¢) + exp(-¢)
Euler explicit scheme
x,(t + Ar) = (1-1000Az ) x, (¢)
X, (1 + Af) = (1= At)x,(¢) + 0,999Azx, (¢)
Euler implicit scheme
x,(t + At) = x,(£)/ (1+1000A¢)
X, (1 + At) = (x,(£) + 0,999A%x, () )/ (1 + At)



Direct and adjoint operators for kinetics of
chemical transformations

s, (@) = P(@)9- H(clfAJ)}i = i k(q)(s(a7) - si(q+))Hq)?<q>

{ } Ei{k(q)s(q )Hcpi“* )E( (Q)—Sa(q+))cp>;}
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Relations for reaction operators.
Monotonicity and positivity properties

[ (% (2, g~ (M), - £ ot =0

=1}, a=Ln,, @.(t)=1, j=2,J, XED!

¢, 20, (P(p)) =0, (TI(g)) =0



Structure of aerosol operators

aqpi(a,t) _
o

{3 @) Sakto-o.opn o-a)

do,

M

,(9) [ K(o.0)( 31 (01) |4, - R ()

o)

‘production
destruction

0

+&-(a), i=1,M _




Variational principles
for transformation models

/

ftjl( ey (P(é))a — (H(é))a - f )%*dt} ~0

a=1 { - ot

o={p.}, a=Ln, @.(t)=1, j=2,J, XED!
0,20, (P(p)) =0, (Ti(g)) =0

Decomposition on reaction mechanisms

jjl ( e (P(é))a ‘(H(é))a - f. )qﬂa*dt iy

ot

a=1n

a



Variational principles
for transformation models (2)

F(e) = 2 {/\Z- (r)s, (r—)]jr P l (@) =L(9)¢,

P(q) = i [k,-(r)si (H)]j g, ]

F;(CP) = F;((p, K’q) =Hi(q))+qZ'



Variational principles
for transformation models (3)

=~
+.

{
+1

.jf (‘ ag;" + L@y, )%(t)dt - f F@wdt+(gy; )

J

— (%‘I/ji* )j =0

Y, €E0(D)

Adjoint functions ?/J,-* are chosen as solutions of equations :

*

Y,
ot

_Li(cp)l/ji* =0, tj StStﬁl» l/jz‘* i =1.



Variational principles
for transformation models (4)

Using the 1dea of Euler integrating multipliers (factors),
we get the system of integral equations

t

7" = (o)) + fE-(cp, O, (t)dt
Finejlly,
At

N VI ~b,(At;-T)
@ =ple +fFl.(cp,r)e dt
0

b, = L{ (CPJ)



Methane transformation
in the atmosphere




Daily behavior of transformation products in
methane-nitrogen-sulfur cycle
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Sensitivity relations for the problems
of atmospheric chemistry

oF] (n/,x’.q’)
ok’

,0Kk’ ) +oq; | 1,/ +




Stability and convergence of
DA schemes

Let us consider an example:
@, _A§0=0) ¢‘t=0=§00) @(X,f)EDt (1)
¢1_Ah¢=0) ¢‘t=0=¢0) ¢h(xyt)EDth (2)

For one-step schemes
@/ =S(AA" )Y ¢°;  j=1,2u., (3)

S( ) Transition operator (TO), its spectral form
S(4tA) corresponds to TO of the model problem

W, +Ap =0, y|,_o=y’, AEE (4)



L-stability

Definition. The method 1s called L-stable,
1f |S(Z)|Sl, for all z=AAtEE ¢ Re(z)=0 u S(x)=0

Typical cases:
1. Implicit scheme  §¢z)=(1+z)"' = S(x)=0

2. Explicit scheme S(z)=(1-z)= S(®)=-x

3.Weighted scheme .
S(z)=(1-az)(1+(1-e;)z)"", 0=y sl= S(©)=-—"

1—
4. Implicit two-step Euler scheme (1)
(31// — 4/ +1/Jj"2)+2At/lz/Jj =0= S(®)=0

W/ =(§)J,. &, =(2¢\/1+2Z)_1,' §1’2‘ <1




Scenario forecasts of climate-
caused risks by inverse methods



Winter pattern of the global 500-hPa
geopotential height (the 1st main factor)
1950-2005

January 15
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Winter pattern of global circulation
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Summer pattern of the global 500-hPa

geopotential height (the 1st main factor)
1950-2005

July 15
CEET [ 0] [ [ .

Level 1 3 5 7 9 1 13 15 17 19 21
value: -0.64 -0.49 -0.35 -0.20 -0.06 0.09 0.23 0.38 0.52 0.66 0.81
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East Siberia Region

90-140 E, 45-65 N

June 1950-2005
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Monthly risk functions for Lake Baikal
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Optimal forecasting and design

Optimality 1s meant in the sense that estimations of
the goal functionals do not depend on the
variations :

 of the sought functions in the phase spaces of the
dynamics of the physical system under study

 of the solutions of corresponding adjoint
problems that generated by variational principles

 of the uncertainty functions of different kinds
which explicitly included into the extended
functionals



Advantage of the approach

» Consistency of all technology elements

» Optimality of numerical schemes based on
discrete-analytical approximations(without
flux-correction procedures )

* Cost-effectiveness of computational
technology



Conclusion

Variational principle

1s the universal tool for construction of
numerical models, algorithms, and

integrated modeling technology
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